ABSTRACT. Let / belong to a certain subclass of the class of functions which are regular in the unit disc E = {z: \z\ < 1}. Suppose that <p = </>(/,/',/") and tp = yj(f, /', /") are regular in E with Re</> > 0 in E and ReV> ^ 0 in the whole of E. In this paper we consider the following two new types of problems: (i) To find the ranges of the real numbers A and ß such that Re(X<p+ßip) > 0 in E. (ii) To determine the largest number p, 0 < p < 1, such that Re(d> + yj) > 0 in |z| < p.
Introduction.
Let A denote the class of functions / that are regular in the unit disc E = {z: \z\ < 1} and are normalized by the conditions /(0) = /'(0) -1 = 0. We shall denote by S the subclass of A whose members are univalent in E. A function / belonging to S is said to be starlike of order a, 0 < a < 1, if Re{zf'{z)/f{z)) > a, z G E, and we denote by St{a) the class of all such functions. St = St{0) will be referred to as the class of starlike functions. Finally, we shall denote by K the class of convex functions, consisting of those elements / G S which satisfy the condition Re(l + zf"{z)/f'{z)) > 0 in E. It is well known that K c St{l/2).
If f{z) = J2r7=oanzn and Áz) = X^Lo^n2™ are regular in E, then their Hadamard product/convolution is the function denoted by / * g and defined by the power series oo {f*g){z) = J2*nbnzn. n=0 It is known that / * g is also regular in E.
Let f{z) = 2^°=i anZn be regular in E. Then the de la Valleé Poussin mean of / of order n, Vn{z, f), is defined by
Let / be regular in E and g regular and univalent in E with /(0) = ¡?(0). We say that / is subordinate to g in E (in symbols / -< g in E) if f{E) c g{E).
A sequence {cn}f° of complex numbers is said to be a subordinating factor sequence if, whenever f{z) -5Z^°=i anZn is regular and convex in E, we have CXI J2 cnanzn < f{z) in E. n=l In the present paper we shall mainly be concerned with the following two new types of problems:
(a) If <j> = (¡>{f, f, f") and ip = ip(f, /', /"), where / G K or St{l/2), such that Reqi > 0 in E and Rei/> is not necessarily positive in the whole of the unit disc E, to find the ranges of real numbers A and p such that Re(A</> + pip) > 0 in E.
(b) To find the largest number p, 0 < p < 1, such that Re(0 + ip) > 0 in \z\ < p. LEMMA 3. A sequence {cn}f° of complex numbers is a subordinating factor sequence if and only i/Re(l + 2j^°=1 cnzn) > 0 (|z| < 1).
Lemmas 1 and 2 are due to Ruscheweyh and Sheil-Small [1] and Lemma 3 is due to Wilf [2] . The result is sharp in the sense that the ranges of X and p cannot be increased.
PROOF. Case (i) being obvious, we take up the proof of (ii). Since / is given to be in St(1/2) and g{z) = z/{\ -z) G K C St(l/2), it follows from Lemma 2 that
takes values in the convex hull of F{E). Now, since by hypothesis, A > 4|p|, we find that, for z G E,
(equality in the second line holds at z = -|z| --r when p is negative and n is odd).
Since {Xzf'{z)lf{z) + psn{z,f)/{f{z)) takes values in the convex hull of F{E), assertion (ii) now follows.
To prove that the ranges of A and p cannot be increased without violating the assertion of our theorem, we consider the function fo{z) = z/{\ -z) which belongs to K and hence to St(l/2). Let
{z G E). It is now readily verified that for r > \/7 -2, ii given by ii = (3r2 -1)/2(1 -r2)2 lies in the range of t (= R2) and that a^/ôi = 0 and d2ip/dt2 > 0 at t = tx. We, 1 -z = h{z) (given by (5)), and that Re h{z) > 0 only when \z\< p= {\ß -l)/\/2.
We observe that the disc \z\ < p = 0.874... is much larger than the disc |z| < n/2/2 = 0.707 in which Re(l//'(z)) > 0 for every / G K.
We omit the proof of the following theorem. (2m+l)(2m)(2m-l)(2m-2)(2m-3) 4 + (2m + 2)(2m + 3)(2m + 4)(2m + 5)(2m + 6)
Obviously F^m+i is regular in E (in fact it is an entire function), and we can write it in the form In view of (8) and (7) it is now easy to see that in E we have ReP2m+1(z)>P2m+1(|z|)>0.
Next suppose that n is an even integer, n = 2m, say, and consider the function This completes the proof of our theorem. As observed earlier, if / G K, then g{z) = {f{z) -f{-z))/2 is an odd starlike function. We conclude this paper with a theorem pertaining to g which, although not in tune with the earlier one, is of considerable intererst. 
